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A relativistic, warm fluid model of a nonequilibrium, collisionless plasma is developed and applied
to examine nonlinear Langmuir waves excited by relativistically-intense, short-pulse lasers. Closure
of the covariant fluid theory is obtained via an asymptotic expansion assuming a non-relativistic
plasma temperature. The momentum spread is calculated in the presence of an intense laser field and
shown to be intrinsically anisotropic. Coupling between the transverse and longitudinal momentum
variances is enabled by the laser field. A generalized dispersion relation is derived for langmuir waves
in a thermal plasma in the presence of an intense laser field. Including thermal fluctuations in three
velocity-space dimensions, the properties of the nonlinear electron plasma wave, such as the plasma
temperature evolution and nonlinear wavelength, are examined, and the maximum amplitude of
the nonlinear oscillation is derived. The presence of a relativistically intense laser pulse is shown to
strongly influence the maximum plasma wave amplitude for non-relativistic phase velocities owing
to the coupling between the longitudinal and transverse momentum variances.

I. INTRODUCTION

Short-pulse (sub-ps), intense (& 1018 W/cm2, such
that the electron quiver velocity in the laser field is
relativistic) laser-plasma interactions access a physical
regime where the plasma electrons experience relativis-
tic motion while the plasma temperature (momentum
spread) remains small. The plasma is typically created by
the laser through photoionization and the laser-plasma
interaction occurs on a time-scale short compared to the
ion motion and the collision frequency. Such a colli-
sionless plasma is not in local thermodynamical equilib-
rium, where standard relativistic collisionally-dominated
plasma fluid theories apply (see, for example, Ref. [1]). In
this work, a relativistic warm plasma fluid theory of the
nonequilibrium, collisionless plasma is used to describe
the nonlinear plasma wave excitation by an intense laser
pulse.

The electron plasma wave driven by an intense laser
pulse can be highly-nonlinear and support large elec-
tric fields. Large amplitude plasma waves with rela-
tivistic phase velocities can be used to efficiently acceler-
ate charged particles, and high-intensity lasers have been
proposed for the excitation of relativistic plasma waves
for plasma-based accelerator applications (for a review,
see Ref. [2]). Laser-plasma-based accelerator experiments
[3–6] have measured electric fields in excess of 100 GV/m,
several orders of magnitude greater then conventional
accelerators. The relativistic warm fluid theory of the
plasma described in this work can be applied to address
the fundamental question of the maximum amplitude of
these nonlinear relativistic electron plasma waves driven
by intense lasers [7].

The subject of relativistic nonlinear oscillations in a
plasma was first treated by Akhiezer and Polovin [8].
Using the nonlinear, relativistic, cold fluid equations in
one-dimension (1D), Akhiezer and Polovin showed, as-
suming a traveling wave solution, that the maximum am-
plitude of a plasma wave that can sustain an oscillation
in the plasma is Ecold =

√
2(γϕ − 1)1/2E0, which is re-

ferred to as the cold relativistic wavebreaking field. Here
γϕ = (1 − β2

ϕ)
−1/2 is the relativistic Lorentz factor of

the plasma wave phase velocity, and E0 = cmωp/e is re-
ferred to as the non-relativistic cold wavebreaking field,
with ωp = (4πn0e

2/m)1/2 = kpc the plasma frequency,
n0 the ambient electron plasma number density, −e the
electronic charge, m the rest mass of the electron, and c
the speed of light in vacuo. In the limit of non-relativistic
phase velocities, βϕ ≪ 1, Ecold ≃ βϕE0. For a plasma
wave driven by the ponderomotive force of a short-pulse
laser in an underdense plasma, the phase velocity of the
plasma wave is approximately the laser group velocity,
γϕ ≃ ω0/ωp ≫ 1 in the linear regime (assuming a broad
laser spot size), where ω0 is the laser frequency. For
plasma waves driven by Raman backscatter of the laser
(i.e., generated by the beating of a laser and its backscat-
tered light), the phase velocity of the plasma wave in the
linear regime is non-relativistic βϕ ≈ ωp/2ω0 ≪ 1.
The analysis of Akhiezer and Polovin [8] is based on a

cold, collisionless fluid theory. When the amplitude of the
plasma wave field approaches Ecold =

√
2(γϕ − 1)1/2E0,

the cold plasma density becomes singular n → ∞, at
which point fluid oscillations can no longer be sustained.
For a cold plasma, this singularity corresponds to a peak
amplitude of the fluid velocity equal to the phase ve-
locity of the wave, which implies a strong wave-particle
resonance. This singularity is often referred to as “wave-
breaking”, and was first described by Dawson [9]. The
singularity indicates a breakdown of the fluid equations.
In this limit, the cold, collisionless fluid model becomes
invalid and a warm plasma model is required.
Coffey [10] first considered large amplitude plasma

waves including the effects of a finite plasma tempera-
ture and calculated, assuming a 1D waterbag momentum
distribution of the plasma, the maximum field amplitude
for a non-relativistic (γϕ ≃ 1) plasma wave,
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where θ = kBTe0/mc2 is the normalized initial electron
plasma temperature with kB the Boltzmann constant.
Equation (1) is valid for θ1/2 ≪ βϕ ≪ 1 and indicates
that temperature effects reduce the maximum field am-
plitude of the plasma wave.

A plasma wave driven by a short-pulse (pulse duration
on the order of the plasma period) laser will have a phase
velocity approximately equal to the group velocity of the
laser pulse, typically γϕ ≈ ω0/ωp ∼ 10–100 for laser
propagation in an underdense plasma (e.g., n0 ∼ 1017–
1019 cm−3 and λ0 = 2πc/ω0 ∼ 1 µm). Without some
additional heating mechanism, laboratory plasmas used
for short-pulse laser-plasma experiments have tempera-
tures of the order of θmc2 ∼ 10 eV (i.e., the ionization
potential) [11, 12]. Therefore, a short-pulse laser-driven
plasma wave (e.g., a laser-driven plasma-based accelera-
tor) will satisfy θ1/2 < γ−1

ϕ ≪ 1. In Ref. [7], a general re-
sult for the maximum field of a nonlinear electron plasma
wave was presented, which can be applied to the regime
of laser-driven plasma waves and reduces to the previous
wavebreaking calculations in the cold and non-relativistic
limits [8–10]. This general 1D wavebreaking result was
derived using the relativistic warm plasma theory pre-
sented in this work. Warm 1D fluid theories [13, 14] have
also been applied in the limit of ultra-relativistic plasma
waves βϕ = 1, which are valid for plasma waves driven
by highly-relativistic electron beams satisfying γ2

ϕθ ≫ 1,
and discrepancies between previous 1D ultra-relativistic
theories [13, 14] have been discussed in Ref. [15].

In this paper we extend the relativistic fluid theory
used in Ref. [7] to include the transverse thermal fluc-
tuations. A warm plasma assumption (i.e., the distribu-
tion has a small width about a relativistic mean motion)
allows closure of the hierarchy of equations for the mo-
ments of the phase space distribution. The evolution of
the momentum variance is derived in the presence of an
intense laser field. The laser field is assumed to be a plane
wave. Here we show that the momentum spread is highly
anisotropic. This is in agreement with the Hamiltonian
description found in Refs. [16, 17], and in contrast to the
findings of Ref. [18] that predicted isotropic pressure.

The general problem of three-dimensional (3D) adia-
batic closure for a collisionless plasma is addressed in this
work. Note that if the electron plasma is collisionless, i.e.,
νc ≪ ωp, where νc is the collision frequency, then changes
in temperature (momentum spread) during the compres-
sion along the direction of wave propagation will not cou-
ple to the other two velocity dimensions, and the pressure
will be anisotropic. In particular, the 3D adiabatic equa-
tion of state pn−5/3 = constant, where p is the isotropic
pressure and n is the plasma density, can not be applied
to a Langmuir wave. In deriving pn−5/3 = constant, an
isotropic pressure is assumed (as well as no heat flow),
which requires collisions to transfer energy among the
dimensions faster than the wave period νc ≫ ω ∼ ωp.
The collision frequency is νc/ωp ∼ 1/Λ [19], where Λ is
the plasma parameter, and the condition for a plasma
requires Λ ≫ 1. Hence, νc ≪ ω and the pressure for

a Langmuir wave is intrinsically anisotropic. We show
in this work that the presence of an intense laser pulse
allows coupling between the anisotropic momentum vari-
ance components, and using the relativistic warm fluid
equations a generalized Langmuir dispersion relation is
derived including the influence of an intense laser field
on the thermal fluctuations.
This paper is organized as follows. Section II describes

a covariant fluid model of the collisionless plasma. Sec-
tion III discusses the warm plasma assumption that al-
lows closure of the fluid equations. The evolution for
the anisotropic momentum variance is derived. From
the linearized relativistic warm fluid equations, a general-
ized Langmuir dispersion relation is derived including the
presence of an intense laser field. The quasi-static warm
plasma response, assuming a travelling wave solution, is
described in Sec. IV. In Sec. V, the laser excitation of
nonlinear plasma waves is discussed, and a generalized
quasi-static wave equation is derived including the trans-
verse thermal fluctuations. From the quasi-static wave
equation, the maximum field amplitude of the plasma
wave (wavebreaking limit) is calculated. Conclusions are
offered in Sec. VI.

II. RELATIVISTIC FLUID EQUATIONS

The Vlasov (collisionless Boltzmann) equation [1] for
particles of charge q and mass m, in covariant form, is

pµ∂µf +
( q

mc2
Fανpν

) ∂f

∂pα
= 0, (2)

where f(xµ, pµ) is the phase-space distribution (a Lorentz
scalar), xµ = (ct,x), pν = (γ, γβ) is the normalized par-
ticle 4-momentum, γ2 = 1 + p2, ∂µ = (∂ct,−∇), and
Fµν = ∂µAν − ∂νAµ is the antisymmetric electromag-
netic field-strength tensor [20], with Aµ = (Φ,A) the
4-vector potential. The space-time metric tensor gµν for
the following covariant formulation has the convention
gµν = diag(1,−1,−1,−1).
Following previous relativistic fluid formulations [21–

24], consider the following moments of the phase-space
distribution:

h =

∫

dΩf, (3)

Jµ =

∫

dΩfpµ, (4)

T µν =

∫

dΩfpµpν , (5)

Mαµν =

∫

dΩfpαpµpν , (6)

where dΩ = d3p/p0 = dp1dp2dp3/p0 is the invariant mo-
mentum space volume element. Equations (3)–(6) cor-
respond to the invariant density, fluid 4-current, energy-
momentum stress tensor, and energy-momentum stress
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flux, respectively. The inhomogeneous Maxwell equa-
tions can be expressed as

∂µF
µν = 4π

∑

s

qsJ
ν
s , (7)

where the sum is over species. The proper density may
be defined using the 4-current as np = (JµJµ)

1/2. Using
Eq. (2), the fluid description of the plasma (i.e., the evo-
lution of the moments of the phase-space distribution)
can be written in terms of the exact collisionless conser-
vation laws:

∂µJ
µ = 0, (8)

∂µT
µν =

( q

mc2

)

F νσJσ, (9)

∂αM
αµν =

( q

mc2

)

(FµσT ν
σ + F νσT µ

σ ) . (10)

Equations (8)–(10) correspond to the fluid continu-
ity (mass conservation), energy-momentum conservation,
and conservation of energy-momentum flux, respectively.
Using the fluid 4-momentum, defined as the ratio of

the 4-current to the invariant density,

uµ = Jµ/h. (11)

the following centered moments of the phase-space dis-
tribution may be defined as

Θµν =

∫

dΩf(pµ − uµ)(pν − uν), (12)

Qαµν =

∫

dΩf(pα − uα)(pµ − uµ)(pν − uν). (13)

Note that there is freedom in choosing a fluid 4-
momentum and various definitions may be employed
(see, for example, Refs. [1, 16]). The fluid 4-momentum
Eq. (11) is related to the more standard choice of Eckart
[25] Uµ = Jµ/(JµJ

µ)1/2 by a Lorentz invariant scalar,
namely the ratio of proper to invariant densities: uµ =
(np/h)U

µ.
The moments Eqs. (5) and (6) may be expressed using

the centered moments Eqs. (12) and (13) as

T µν =huµuν +Θµν , (14)

Mαµν =huαuµuν +Qαµν +Θµνuα +Θµαuν +Θανuµ.
(15)

Note that the contractions of the moments satisfy
gµνT

µν = h and gµνM
αµν = Jα, and the contractions

of the centered moments satisfy

gµνΘ
µν = (1− uµu

µ)h, (16)

gµνQ
αµν = −2Θµαuµ. (17)

The conservation laws Eqs. (8)–(10) may be expressed
using the centered moments as the fluid equations [21–
24]:

∂µ(hu
µ) = 0, (18)

huµ∂µu
ν = −∂µΘ

µν +
( q

mc2

)

F ναhuα, (19)

and

huα∂α(Θ
µν/h) + Θµα∂αu

ν +Θνα∂αu
µ

= −∂αQ
αµν +

( q

mc2

)

(FµαΘν
α + F ναΘµ

α) . (20)

The above fluid formulation is an exact consequence of
the Vlasov equation Eq. (2) and no assumptions were
made on the derivations of the above relations (the rela-
tivistic moment equations up to the fourth moment). In
Appendix A the relativistic fluid quantities described in
this section are related to conventional fluid quantities.
In Sec. III a “warm” plasma assumption is described,
where it is assumed that the distribution f has a small
width about a relativistic mean momentum. In partic-
ular, the third and higher-order centered moments (i.e.,
Qαµν) are assumed to be small and may be neglected,
providing closure to the hierarchy of moment equations.

III. WARM PLASMA ASSUMPTION

In the following it is assumed that at any xµ, the distri-
bution f has a small momentum spread about its mean
[16, 21–24]. This warm plasma assumption will allow the
hierarchy of moment equations to be truncated, and no
specific form of the distribution f will be imposed.
An invariant measure of thermal spread may be defined

as [21–24]

ǫ2 = −Θµ
µ/h = uµuµ − 1, (21)

where ǫ2 ≪ 1 is assumed to be small. Note that ǫ is a
Lorentz invariant and allows a truncation valid in the rest
frame to be preserved after an arbitrary Lorentz boost.
In the local plasma rest frame (i.e., moving at uµ), it
is assumed that Θµν/h = O(ǫ2) and Qαµν/h = O(ǫ3),
and the components satisfy Θij/h = O

(

ǫ2
)

, Θi0/h =

O
(

ǫ3
)

, Θ00/h = O
(

ǫ4
)

, and Qijk/h = O
(

ǫ3
)

, Qij0/h =

O
(

ǫ4
)

, Qi00/h = O
(

ǫ5
)

, Q000/h = O
(

ǫ6
)

. Truncation

of the moment hierarchy to order O(ǫ2) is achieved by
neglecting the third-order centered moment Qαµν in the
fluid equations [cf. Eq. (20)]. The invariant measure of
thermal spread is related to the width of the distribution
(i.e., temperature normalized to the electron rest energy).
In Appendix B, the invariant measure ǫ is calculated for a
relativistic Maxwellian (Jüttner) distribution and shown
to be equal to the width of the momentum distribution.
As a consequence of the thermal inertia, the invariant

density h is not equal to the proper density defined by
the 4-current np = (JµJµ)

1/2. Following Refs. [21, 23],
consider the ratio γth = np/h. Note that uµuµ = γ2

th.
Using the contraction of the stress energy tensor T µ

µ = h,

γ2
th = 1−Θµ

µ/h = 1 + ǫ2, (22)

and γth can be identified as the relativistic Lorentz fac-
tor associated with the thermal fluctuations. The fluid
3-velocity normalized to the speed of light w may be
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defined such that uµ = Jµ/h = γthΓ(1,w), where
Γ = (1 − w · w)−1/2 is the Lorentz factor associated
with the normalized fluid 3-velocity. The invariant den-
sity h is related to the density in the lab-frame J0 = n
by h = n/(γthΓ).
Neglecting the third-order centered moment Qαµν [i.e.,

retaining terms to order O(ǫ2)], the contraction Eq. (17)
becomes

Θµνuµ = 0, (23)

and the fluid equations Eqs. (18), (19), and (20) become
[to order O(ǫ2)]

uµ∂µh =− h∂µu
µ, (24)

huµ∂µu
ν =− ∂µΘ

µν + (q/mc2)F ναhuα, (25)

huα∂α (Θµν/h) =−Θµα∂αu
ν −Θνα∂αu

µ (26)

+ (q/mc2) (F ναΘµ
α + FµαΘν

α) .

Equations (23)–(26) constitute a closed set of fluid equa-
tions, which may be solved for the plasma evolution.

A. Warm-plasma closure for one-dimensional fluid

motion

In the limit of 1D fluid motion, i.e., uµ = γthΓ(1, wz),
Eq. (23) implies Θ00 = w2

zΘ
11 and Θ10 = wzΘ

11. Com-
bining the evolution equation for the momentum-density
variance Θ11, Eq. (26), the continuity equation Eq. (24),
and the zeroth-component of the momentum equation
Eq. (25), yields [to order O(ǫ2)],

uµ∂µ
(

h−3Γ−2Θ11
)

= 0, (27)

where (u0)−1uµ∂µ = (∂0 + wz∂1) is the (noncovariant)
convective time derivative. Equation (27) is a result of
entropy conservation. Assuming an initially quiescent
(wz = 0), isotropic plasma, Eq. (27) implies

Θ11

n0

= Γ2

(

h

n0

)3

θ, (28)

where θ is the initial momentum variance (initial plasma
temperature normalized to mc2/kB). In the limit of 1D
fluid motion, to order O(ǫ2), the invariant measure of
thermal spread is given by

ǫ2 =
n0

h

(

Θ11

n0

− Θ00

n0

)

=

(

h

n0

)2

θ. (29)

The variance in momentum about the mean is given by
Θ11/h = Γ2ǫ2 ≃ (n/n0)

2θ, and the root mean square
variance in the velocity βth about the mean velocity wz

is βth = ǫ/Γ2.
Equation (28) provides closure to the warm fluid equa-

tions in the limit of 1D fluid motion, and the momentum
variance is proportional to the density cubed. This is

sometimes referred to as the “adiabatic equation of state”
[26]. Note that, the derivation of Eqs. (28) and (29) does
not assume a specific form of the phase-space distribu-
tion f , or an equation of state (although only reversible
processes are considered in this collisionless formulation).
The derivation is a consequence of the asymptotic ex-
pansion (warm plasma approximation). Equation (28) is
valid for any distribution f provided ǫ2 = θ(h/n0)

2 ≪ 1
(i.e., a warm plasma), and the plasma is initially quies-
cent.
The closed system of warm fluid equations in the limit

of 1D fluid motion, coupled to the Poisson equation for
the electrostatic field ∂2

zφ = k2p(n/n0 − 1), may be ex-
pressed as ∂ctn+ ∂z(nwz) = 0 and

(∂ct + wz∂z) uz = ∂zφ−
[

∂z
(

Γ2p
)

− ∂ct
(

wzΓ
2p
)]

/n,
(30)

where n = J0 and the normalized 1D hydrostatic pres-
sure may be defined as p = hǫ2 = (n/n0Γ)

3n0θ (cf. Ap-
pendix A). Note that uz = u0wz , where u0 = γthΓ =
(1 + ǫ2)1/2(1 − w2

z)
−1/2 = (1 + ǫ2 + u2

z)
1/2 is the total

relativistic Lorentz factor of the warm fluid, and ǫ2 ≪ 1
is assumed in the warm fluid model. Compared to the
1D relativistic cold fluid model, thermal effects are man-
ifested in the pressure terms on the right hand side of
Eq. (30), as well as the thermal correction to the rela-
tivistic Lorentz factor.

B. Warm relativistic plasma in a laser field

Consider a linearly-polarized drive laser (assumed to
be a plane wave) propagating in the z-direction with
transverse normalized vector potential a⊥ = eA⊥/mc2

(in the Coulomb gauge). Consider 1D spatial and 3D
momentum-space motion of the plasma in the laser
field such that the phase-space distribution is f =
f(z, pµ, t), the fluid momentum takes the form uµ =
γthΓ(1, wz, w⊥, w3) (with wz along the direction of laser
propagation, w⊥ along the polarization direction of the
laser, and w3 orthogonal to the laser polarization and
propagation directions), and ∂µ = (∂0, ∂1) = (∂ct, ∂z)
(i.e., no transverse spatial variation).
For a plane wave laser pulse with normalized vector

potential a⊥ = eA⊥/mc2 and space charge oscillation
with normalized potential φ = eΦ/mc2 (in the Coulomb
gauge), the non-zero field strength tensor components are

F 10 = −F 01 = −(mc2/e)∂1φ, (31)

F 20 = −F 02 = −(mc2/e)∂0a⊥, (32)

F 12 = −F 21 = −(mc2/e)∂1a⊥. (33)

In this work we consider an underdense plasma. For
an underdense plasma a time scale separation exists be-
tween the fast laser oscillation (with time scale ω−1

0 )
and the slow plasma response (with time scale ω−1

p )
such that ωp/ω0 ≪ 1. For the case of linear laser
polarization, a time average over the fast laser oscilla-
tion may be performed such that 〈a2

⊥
〉 ≃ a20/2, with
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a20 ≃ 7.3 × 10−19(λ[µm])2I0[W/cm
2
] and I0 is the peak

laser intensity. The plane wave assumption will be valid
provided kprL ≫ 1 and a0 ≪ (kprL)

2, where rL is the
characteristic transverse size of the laser.

The fluid equations can be combined to yield the
components of the momentum variance Eq. (26) [to
order O(ǫ2)] assuming an initially quiescent plasma:
uµ∂µ(Θ

33/h) = 0, uµ∂µ(Θ
23/h) = 0, uµ∂µ(Θ

22/h) = 0,

uµ∂µ

(

Θ13

Γh2

)

= −
(

Θ23

h2

)

∂1(a⊥/Γ), (34)

uµ∂µ

(

Θ12

Γh2

)

= −
(

Θ22

h2

)

∂1(a⊥/Γ), (35)

uµ∂µ

(

Θ11

Γ2h3

)

= −2

(

Θ12

Γh3

)

∂1(a⊥/Γ). (36)

Equation (23) implies Θµ0 = wzΘ
µ1 + w⊥Θ

µ2 + w3Θ
µ3,

and the additional components are

Θ00 = w2
zΘ

11 + 2wzw⊥Θ
12 + w2

⊥Θ
22, (37)

Θ01 = wzΘ
11 + w⊥Θ

12, (38)

Θ02 = wzΘ
12 + w⊥Θ

22, (39)

Θ03 = wzΘ
13 + w⊥Θ

23. (40)

The momentum variance tensor (Θµν/h) is anisotropic
and Eqs. (34)–(36) indicate that the laser field allows
coupling between the momentum variance components.

The momentum variance components can be combined
to yield the invariant

uµ∂µ

{

(

Θ33

h

)

[

(

Θ22

h

)(

Θ11

Γ2h3

)

−
(

Θ12

Γh2

)2
]}

= 0,

(41)
which is a result of entropy conservation. For an initially
isotropic, quiescent plasma,

(

Θ33

n0θ

)

[

(

Θ22

n0θ

)(

Θ11

n0θ

)

−
(

Θ12

n0θ

)2
]

= Γ2

(

h

n0

)5

.

(42)
Equations (41) and (42) are 3D generalizations of the 1D
results Eqs. (27) and (28), respectively [i.e., generaliza-
tion of the 1D “adiabatic equation of state”].

C. Dispersion relation for a electron plasma wave

in an intense laser field

Assuming a warm plasma in a laser field (closure given
in Sec. III B), and applying the Fourier transformation
(∂z , ∂t) → (ik,−iω) to the linearized relativistic warm
fluid equations [i.e., linearization of Eqs. (23)–(26)], cou-
pled to the Poisson equation, yields the Langmuir wave
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FIG. 1. Langmuir wave dispersion curves Eq. (43): (a) θ =
0.01; a = 0 (b) θ = 0.05, a = 0; (c) θ = 0.01, a = 0.75; and
(d) θ = 0.05, a = 0.75.

dispersion relation:

ω2 =
ω2
p

γ⊥

(

1 +
3

2

a2θ

γ2
⊥

− 5

2

θ

γ2
⊥

)

+ 3k2c2
θ

γ2
⊥

(

1− 3

2

a2

γ2
⊥

+
a2k2c2

γ2
⊥
ω2

)

. (43)

where θ is the initial isotropic plasma temperature (in-
variant measure of thermal spread), γ2

⊥
= 1 + a2 is the

relativistic Lorentz factor associated with the quiver mo-
tion in the laser field, and a2 is assumed constant. For
linear laser polarization, a2 → a20/2, where a0 is the nor-
malized peak of the laser intensity. Figure 1 shows the
Langmuir wave dispersion curves Eq. (43): Curves (a)
θ = 0.01 and (b) θ = 0.05 show the effect of temperature
on the Langmuir dispersion without a laser field (i.e., the
relativistic Bohm-Gross dispersion). Curves (c) θ = 0.01
and (d) θ = 0.05 include the presence of a laser field with
a = 0.75. Also plotted are the speed of light line ω = kc,
the plasma frequency ω = ωp, and the relativistic plasma
frequency ω = ωp/γ⊥ for a = 0.75. The phase velocity
βϕ = ω/ck is strongly modified by the presence of an
intense laser field in the limit of slow phase velocities
(i.e., k ≫ kp). Without a laser field the phase velocity

is bounded by βϕ > (3θ)1/2. With an intense laser field
(such that a/γ⊥ ≫ βϕ), the phase velocity is bounded

by ω/ck > (3θ)1/4a1/2/γ⊥.
The group velocity of plasma wave is

βg =
∂ω

c∂k
=

3θ

βϕγ2
⊥

[

1 +

(

2

β2
ϕ

− 3

2

)

a2

γ2
⊥

]

. (44)

In the absence of a laser field, βgβϕ = 3θ.
For relativistic phase velocities ω/ck ≃ 1, the wave-

length of the plasma oscillation given by Eq. (43) is

λ = λpγ
1/2
⊥

[

1− θ

4γ2
⊥

− 3a2

4γ2
⊥

θ
(

1− γ−2
⊥

)

]

, (45)

where λp = 2πc/ωp. In the absence of a laser field a = 0,
λ = λp(1 − θ/4) and the wavelength of the oscillation is
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reduced from the plasma wavelength owing to the ther-
mal inertia.
In the weakly-relativistic limit a ≪ 1, neglecting terms

of order θa2 ≪ 1, yields the dispersion relation

ω2 = ω2
p

(

1− a2/2− 5θ/2
)

+ 3k2c2θ. (46)

Equation (46) is the relativistic Bohm-Gross dispersion
relation including the lowest order correction to the rel-
ativistic plasma frequency owing to the quiver velocity.
In the absence of a laser field (a = 0), Eq. (43)

reduces to the relativistic (including thermal inertia)
Bohm-Gross dispersion relation derived by Clemmow and
Wilson [27]: ω2 = ω2

p (1− 5θ/2) + 3θk2c2.

IV. QUASI-STATIC WARM FLUID EQUATIONS

In this section the warm fluid model is applied to de-
scribe the nonlinear response of the plasma to an intense
laser field. It is assumed that the plasma wave is only
a function of the co-moving variable ξ = z − βϕct, i.e.,
the quasi-static approximation (QSA) [2], where βϕ is
the phase velocity of the plasma wave (approximately
the group velocity of the driver). In the QSA, the phase-
space distribution takes the form f(ξ, pµ). Here the laser
driver is also assumed to be only a function of the co-
moving variable a⊥(ξ).
Applying the QSA, the continuity equation Eq. (8),

∂µ(hu
µ) = 0, becomes

∂ξ [hγthΓ (βϕ − wz)] = 0, (47)

or, for an initially quiescent plasma,

h/n0 =
[

γthΓ(1− β−1
ϕ wz)

]−1
. (48)

The proper density is given by np = γthh, and the density
in the lab frame is n = J0 = hu0 = γthΓh. Hence, in
the QSA, the plasma density in the lab frame is n/n0 =
(1− β−1

ϕ w)−1.

A. Momentum variance evolution

Applying the QSA, the momentum variance com-
ponents [cf. Eqs. (34)–(36)] are Θ33/n0 = (h/n0)θ33,
Θ23/n0 = (h/n0)θ23, Θ

22/n0 = (h/n0)θ22,

Θ13

n0

= Γ

(

h

n0

)2 [

θ13 +

(

a⊥
βϕΓ

)

θ23

]

, (49)

Θ12

n0

= Γ

(

h

n0

)2 [

θ12 +

(

a⊥
βϕΓ

)

θ22

]

, (50)

Θ11

n0

= Γ2

(

h

n0

)3
[

θ11 + 2

(

a⊥
βϕΓ

)

θ12 +

(

a⊥
βϕΓ

)2

θ22

]

,

(51)

where θij are constants of integration (the initial temper-
atures, normalized to mc2/kB, assuming an initially qui-
escent plasma). Note that, for a large amplitude plasma
wave, the peak of the density perturbation is nonlinear
such that h/n0 ≫ 1 and Θ33 ∼ Θ23 ∼ Θ22 ≪ Θ12 ∼
Θ13 ≪ Θ11, i.e., the momentum variance tensor is highly
anisotropic, and for highly nonlinear plasma waves with
relativistic phase velocities, the longitudinal component
of the momentum variance dominates. In the limit of 1D
fluid motion, θ3i = θ2i = 0 for i = 1, 2, 3, and Eq. (51)
reduces to Eq. (28).
For a plasma with an initially isotropic temperature,

the constants of integration are θij = θ for i = j and
θij = 0 for i 6= j. The variance tensor components for an
initially isotropic plasma are Θ23 = Θ13 = 0, and

Θ22

n0

=
Θ33

n0

=
(1− w2

z)
1/2

γ⊥(1− β−1
ϕ wz)

θ, (52)

Θ12

n0

=
(1− w2

z)
1/2

γ⊥(1− β−1
ϕ wz)2

[

a⊥
γ⊥

β−1
ϕ (1− w2

z)
1/2

]

θ, (53)

Θ11

n0

=
(1− w2

z)
1/2

γ⊥(1− β−1
ϕ wz)3

[

1 +
a2
⊥

γ2
⊥

β−2
ϕ (1− w2

z)

]

θ, (54)

where γ2
⊥
= 1 + a2

⊥
. In the following, an isotropic initial

temperature distribution is considered.

B. Transverse momentum evolution

For plasma fluid motion in a laser with fields given by
Eqs. (31)–(33), the equations for the transverse momen-
tum components, Eq. (25), reduce to

hγthΓu
µ∂µ (γthΓw⊥ − a⊥) + ∂µΘ

µ2 = 0, (55)

hγthΓu
µ∂µ (γthΓw3) + ∂µΘ

µ3 = 0. (56)

For an initially cold plasma, uµ∂µ(Γw⊥ − a⊥) = 0 and
uµ∂µ(Γw3) = 0, i.e., canonical transverse fluid momen-
tum is conserved. In the QSA, the transverse momentum
equations Eqs. (55) and (56) become

∂ξ

[

γthΓw⊥ − a⊥ − β−1
ϕ (1 − βϕwz)

Θ12

n0

+ w⊥

Θ22

n0

]

= 0,

(57)

∂ξ

[

γthΓw3 − β−1
ϕ (1 − βϕwz)

Θ13

n0

+ w⊥

Θ23

n0

]

= 0. (58)

Assuming an initially isotropic, quiescent plasma, Θ13 =
Θ23 = 0, ∂ξ(γthΓw3) = 0, and Eq. (57) can be integrated
to yield, to order O(ǫ2),

Γw⊥ = a⊥ +
Θ12

n0

[

Γwzw
2
⊥

n0

h
+ β−1

ϕ (1− βϕwz)
]

− Θ11

n0

[

1

2
Γw⊥

n0

h
(1− w2

z)

]

− Θ22

n0

[

1

2
Γw⊥

n0

h

(

1− w2
⊥

)

+ w⊥

]

− Θ33

n0

[

1

2
Γw⊥

n0

h

]

.

(59)
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If a⊥ = 0 (e.g., after the laser driver), then, to order
O(ǫ2), Γw⊥ = 0 and Γ = (1− w2

z)
−1/2.

For the case of no momentum variance in the trans-
verse direction f = g(ξ, pz)δ

2(p⊥ − a⊥), i.e., initially
cold in the transverse direction such that θ33 = θ23 =
θ13 = θ12 = θ22 = 0, then

∂ξ (γthΓw⊥ − a⊥) = 0, (60)

which can be integrated to yield γthΓw⊥ = a⊥, or

w⊥ =
a⊥(1− w2

z)
1/2

(γ2
th + a2

⊥
)
1/2

=
a⊥(1− w2

z)
1/2

(γ2
⊥
+ ǫ2)

1/2
. (61)

The case of a distribution with no transverse momentum
variance, i.e., f = g(ξ, pz)δ

2(p⊥−a⊥), was considered in
Ref. [7].

C. Energy-momentum evolution

A quasi-static longitudinal constant of motion can be
derived by considering the components of the energy-
momentum conservation equation Eq. (9),

∂ξ
(

−βϕT
00 + T 10

)

= hγthΓ (wz∂ξφ+ βϕw⊥∂ξa⊥) ,

(62)

∂ξ
(

−βϕT
01 + T 11

)

= hγthΓ (∂ξφ+ w⊥∂ξa⊥) . (63)

Combining Eqs. (62) and (63), and using the continuity
equation Eq. (47), yields

∂ξ
(

−β2
ϕT

01 + βϕT
11 + βϕT

00 − T 10
)

= hγthΓ(βϕ − wz)∂ξφ = n0βϕ∂ξφ.
(64)

Using T µν = huµuν + Θµν , and Eq. (23) (i.e., Θµ0 =
wzΘ

µ1 + w⊥Θ
µ2), Eq. (64) becomes

∂ξ
[(

hγ2
thΓ

2 +Θ11
)

(1− βϕwz)(1 − β−1
ϕ wz) + Θ22w2

⊥

+Θ12w⊥[2wz − (βϕ + β−1
ϕ )]

]

= n0∂ξφ. (65)

Equation (65) yields the quasi-static longitudinal con-
stant of motion for the distribution f(ξ, pµ), assuming
a plane laser field in an initially isotropic plasma. As-
suming an initially quiescent plasma, Eq. (65) can be
integrated to yield the longitudinal constant of motion:

1 + φ+
5

2
θ =

(1− βϕwz)γ⊥
(1 − w2

z)
1/2

(

1 +
θ

γ2
⊥

)

+
3

2
θ

(

1 +
a2
⊥

γ2
⊥

β−2
ϕ γ−2

ϕ

)

(1 − βϕwz)(1 − w2
z)

1/2

γ⊥(1− β−1
ϕ wz)2

, (66)

with γ2
⊥

= 1 + a2
⊥
. The first term on the right-hand of

Eq. (66) represents the kinetic energy of the plasma fluid
motion in the wave (ζ = z − βϕct) frame. The terms
proportional to θ represent the thermal contributions to
the plasma kinetic energy. The left-hand side of Eq. (66)
corresponds to the rest energy of the plasma, the elec-
trostatic energy, and the energy contained in the initial
thermal fluctuations. For θ = 0, Eq. (66) reduces to the
well-known quasi-static result for the longitudinal con-
stant of motion describing plasma wave excitation by an
ultra-short laser pulse in a cold plasma [2].
Note that, in the QSA, the longitudinal momentum

equation Eq. (25) can be written as

(βϕ − wz) ∂ξuz = −∂ξφ− w⊥∂ξa⊥+

n0

n
∂ξ

[

(1− βϕw)

(

1 +
a2
⊥

β2
ϕΓ

2

)

n3

n3
0Γ

− a2
⊥

n2

n2
0Γ

3

]

θ, (67)

where uz = γthΓwz, Γ = (1 − w2
z − w2

⊥
)−1/2, and w⊥ is

given by Eq. (59). The first term on the right-hand side of
Eq. (67) is the electrostatic field of the plasma wave, the

second term is responsible for the ponderomotive force of
the laser pulse (with thermal corrections), and the third
term is the thermal force.

D. Temperature evolution

In Appendix B it is shown that the invariant measure
of thermal spread is equal to the width of a Maxwellian
distribution (i.e., the temperature). The invariant mea-
sure of thermal spread ǫ2 = −(Θµ

µ/h) evolves as

ǫ2 =
n0

h

[

(1− w2
z)
Θ11

n0

+ (1− w2
⊥
)
Θ22

n0

−2wzw⊥

Θ12

n0

+
Θ33

n0

]

, (68)
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and applying the QSA momentum variance equations
yields

ǫ2 =

[

(1− w2
z)

(1 − β−1
ϕ wz)2

+ 2 +
2a⊥
γ⊥

(1− w2
z)

1/2(1− βϕwz)

(1− β−1
ϕ wz)2

−a2
⊥

γ2
⊥

(1− w2
z)

(

1− (1− w2
z)

(βϕ − wz)2

)]

θ. (69)

Without the laser field (e.g., after the drive laser pulse,
a⊥ = 0), Eq. (69) simplifies to

ǫ2 =

[

(1− w2
z)

(1 − β−1
ϕ wz)2

]

θ + 2θ. (70)

For nonlinear plasma waves, such that h/n0 ≫ 1, the
temperature is well-approximated by the 1D result ǫ2 ≃
(h/n0)

2θ ≃ (n/Γn0)
2θ.

V. NONLINEAR ELECTRON PLASMA WAVES

The evolution of the plasma wave potential is deter-
mined by the Poisson equation

k−2
p ∂2

ξφ = J0/n0 − 1 = γthΓh/n0 − 1. (71)

The longitudinal constant of motion Eq. (66) can be com-
bined with the continuity equation Eq. (48) and the Pois-
son equation Eq. (71) to yield the evolution equation for
the plasma fluid momentum:

∂2

∂k2pξ
2
φ(wz) =

wz

βϕ − wz
, (72)

with φ(wz) given by Eq. (66). The excited plasma wave

electric field is given by Ê = Ez/E0 = −k−1
p ∂ξφ(wz),

where E0 = mc2kp/e. In terms of the axial fluid ve-
locity, the plasma density perturbation is n/n0 − 1 =
wz/(βϕ − wz), and the plasma temperature evolution is
given by Eq. (69). Equation (72) is an ordinary differ-
ential equation, which may be solved numerically for an
arbitrary laser field a⊥(ξ). Equations (66) and (72) in-
dicate that thermal effects will be a small contribution
to the plasma response, of order θ ≪ 1, until the plasma
density perturbation becomes sufficiently large.
Note that Eqs. (66) and (72) differ from the result of

Ref. [18] (cf. Eqs. (4.7) and (4.10) of Ref. [18]). This
is because, in this work, we have not a priori assumed
isotropy of the momentum variance. Isotropy can only be
assumed if the collisional frequency is much greater than
the plasma frequency (i.e., the laser-plasma interaction
time) [28]. For short-pulse (sub-ps) laser interaction in
underdense plasma, the plasma wave excitation occurs on
a time scale much shorter than the collisional time scale
(∼ns), and homogeneity of the pressure tensor cannot be
assumed. It should also be noted that the fluid equations
derived in Ref. [18] do not reduce to the Bohm-Gross dis-
persion relation for a Langmuir wave upon linearization
owing to the isotropic pressure assumption.

-15 -10 -5 0 5

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6
E
z
/E
0

w
z

k
p
ξ

FIG. 2. Plasma wave axial fluid velocity wz (dashed curve)
and electric field Ez/E0 (solid curve) driven by a linearly-
polarized Gaussian laser pulse with peak normalized intensity
a0 = 1.5 and intensity rms length kpLrms = 1 (centered at
kpξ = 0 moving toward the right) propagating in a plasma
with ω0/ωp = 10 and θ = 10−4.

-10 -5 0 5

0.0

0.5

1.0

1.5

2.0

k
p
ξ

n/n
0
-1

ε2/3θ

FIG. 3. Electron plasma density perturbation n/n0 − 1 (solid
curve) and normalized plasma temperature ǫ2/(3θ) (dashed
curve) for the same laser-plasma parameters as Fig. 2.

Figure 2 shows the plasma wave fluid velocity wz

(dashed curve) and the plasma wave electric field Ez/E0

(solid curve) excited by a linearly-polarized Gaussian
laser pulse with envelope a⊥ = a0 exp(−ξ2/4L2

rms), a0 =
1.5, and intensity rms length kpLrms = 1, in a plasma
with ω0/ωp = 10 and θ = 10−4. Figure 2 illustrates the
relativistic motion wz ∼ 1 and the nonlinear steepening
of the plasma wave electric field. Figure 3 shows the
electron plasma density perturbation (n/n0 − 1) and the
evolution of the normalized plasma temperature ǫ2/(3θ).
The plasma temperature undergoes periodic oscillations
in the wake owing to compression of the plasma elec-
tron density. Figure 4 shows the anisotropic momentum-
density variance tensor components Θµν in the presence
of an intense laser field (owing to coupling between the
longitudinal and transverse momentum spread via the
transverse laser field). This example corresponds to typ-
ical parameters for laser-plasma accelerator experiments
using a short-pulse, intense Ti:Sapphire laser in a gas jet,
e.g., a 0.8 µm laser of peak intensity 4.8 × 1018 W/cm2
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FIG. 4. Momentum-density variance components (normalized
to n0θ) Θ11 (dotted curve), Θ22 = Θ33 (dashed curve), and
Θ12 (solid curve) for the same laser-plasma parameters as
Fig. 2.

and FWHM intensity duration of 10 fs propagating in
a uniform photo-ionized (temperature ∼ 10 eV) plasma
with electron number density 1.7 × 1019 cm−3. For this
density, E0 = mcωp/e ≃ 4× 1011 V/m. The plasma den-
sity perturbation can be measured experimentally via in-
terferometric techniques, and frequency domain hologra-
phy [29] has been successfully applied to measure plasma
waves with relativistic phase velocities.
Linearizing Eq. (72) (wz ≪ 1 and assuming a⊥ ≃

constant) and taking the Fourier transform ∂ξ → ik
yields the generalized dispersion relation Eq. (43), and
the relativistic Bohm-Gross dispersion relation in the ab-
sence of a laser field (a⊥ = 0).
Assuming a plasma wave with relativistic phase ve-

locity (βϕ ≃ 1) and linearizing Eq. (72) in the weakly-
relativistic regime (a⊥ ≪ 1) yields the wave equation
driven by the ponderomotive force

[

∂2
ξ + k2p(1 + θ/2)

]

wz = ∂2
ξa

2
⊥
/2. (73)

In the linear, weakly-relativistic regime a2
⊥
≪ 1, the dom-

inant thermal effect is a change in the wavelength of the
plasma wave λ ≃ λp(1− θ/4).

A. First integral of plasma wave equation

Consider a plasma wave after a short laser driver (e.g.,
the standard laser wakefield regime) where γ⊥ = 1,
or a plasma wave excited by a long laser pulse (e.g.,
the self-modulated laser wakefield regime) such that
γ−1
⊥

|k−1
p ∂ξγ⊥| ≪ 1 and γ⊥ ≃ constant. For these cases,

the first integral of Eq. (72) may be evaluated. It is con-
venient to introduce the variables

τ = (3/2)γ−2
⊥

(1 + a2⊥γ
−2
⊥

β−2
ϕ γ−2

ϕ )θ, (74)

with τ ≪ 1, and χ2 = (1 − wz)/(1 + wz) such that
wz = (1 − χ2)/(1 + χ2), (1 − w2

z)
−1/2 = (1 + χ2)/(2χ),

and the longitudinal constant of motion Eq. (66) may be
rewritten as

1 + φ =
γ⊥
2χ

[

(1 − βϕ) + (1 + βϕ)χ
2
]

×
{

1 +
4β2

ϕτχ
2

[(1− βϕ)− (1 + βϕ)χ2]
2

}

, (75)

where θ ≪ 1 is assumed.

The plasma wave electric field evolution can be
written as k−1

p ∂ξ(Ê
2) = 2(k−1

p ∂ξÊ)Ê = 2[wz/(βϕ −
wz)](k

−1
p ∂ξφ), or

dÊ2

dχ
=

[

2(1− χ2)

βϕ(1 + χ2)− (1− χ2)

]

dφ

dχ
. (76)

Using Eq. (75), the above equation can be integrated to
yield the electric field as a function of the fluid velocity:

Ê2 = γ⊥

(

χi − χ+ χ−1
i − χ−1 +

[

F̃ (χi)− F̃ (χ)
]

τ
)

,

(77)
where

F̃ (χ) =
4β2

ϕχ
[

(1 − χ4)− βϕ(χ
4 − 2χ2/3 + 1)

]

[(1 − βϕ)− (1 + βϕ)χ2]
3

, (78)

and χi is given by the initial condition (determined by
the laser driver). Equation (77) is a general expression
for the electric field as a function of χ = (1−wz)/(1+wz)
given by the initial excitation χi.

B. Maximum plasma wave electric field

The peak of the electric field oscillation occurs at the
phase such that ∂ξÊ = 0. Using the Poisson equation,

k−1
p ∂ξÊ =

−(1− χ2)

βϕ(1 + χ2)− (1− χ2)
, (79)

and the phase location of the peak of the field oscillation
∂ξÊ = 0 occurs at the momentum χ = 1 (i.e., wz =
0). From the first integral of the plasma wave equation
Eq. (77), the peak field, given the initial condition χi, is

Êpeak = Ê(χi, χ = 1).

The maximum plasma wave electric field possible
(sometimes referred to as the “wavebreaking” field), is

given by Ê(χ0, χ = 1), where χ0 is the initial condition

such that dÊ(χi, χ = 1)/dχi = 0. Using Eqs. (77) and
(76), the maximum initial momentum is given by the
momentum χ0 that produces the extremum of φ. Us-
ing Eq. (75) and solving dφ/dχ|χ=χ0

= 0 (i.e., a quartic
equation for χ2

0), yields the momentum which produces
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FIG. 5. Maximum electric field amplitude Êmax = Emax/E0

[Eq. (81)] versus γϕ with γ⊥ = 1. Dashed line is the cold limit
θ = 0.

the extremum,

χ2
0 = (1 + βϕ)

−2

{

γ−2
ϕ + β2

ϕτ

+ βϕ

√
τ
(

8γ−2
ϕ + β2

ϕτ
)1/2

+

[

2τβ2
ϕ

(

5γ−2
ϕ + β2

ϕτ
)

+ 2βϕ

(

γ−2
ϕ + β2

ϕτ
) (

8γ−2
ϕ τ + β2

ϕτ
2
)1/2

]1/2}

. (80)

where γϕ = (1 − β2
ϕ)

−1/2. In the cold limit τ = 0, χ2
0 =

(1−βϕ)/(1+βϕ) (i.e., wz = βϕ), and the extremum of the
potential occurs when the fluid velocity equals the phase
velocity of the wave. Note that, for βϕ ≤ 1, χ0(βϕ) ≥
τ1/2, and this indicates that the plasma wave amplitude
is always bounded (including the case with phase velocity
approaching the speed of light).
Evaluating Eq. (77) at the phase such that χ = 1 and

the initial excitation such that χi = χ0 yields the maxi-
mum plasma wave electric field amplitude

Ê2
max = γ⊥

(

χ0 + χ−1
0 − 2 +

[

F̃ (χ0)− 2/3
]

τ
)

, (81)

where F̃ (χ0) is given by Eqs. (78) and (80). Physi-
cally, this limit on the plasma wave amplitude is due to
the pressure force. As the plasma becomes highly com-
pressed, the pressure force grows, ultimately limiting the
density compression and therefore the wave amplitude.
For sufficiently large drive intensity, no traveling wave
solutions exist. Figure 5 shows the maximum field am-
plitude of the plasma wave as a function of phase velocity
(γϕ), and Fig. 6 shows the maximum field amplitude as

a function of initial plasma temperature θ. Also shown
is the cold result (dashed curve in Fig. 5) and the ultra-
high phase velocity result (dashed curve in Fig. 6). Ther-
mal effects reduce the maximum amplitude from the cold
wavebreaking result.
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FIG. 6. Maximum electric field amplitude Êmax = Emax/E0

[Eq. (81)] versus initial temperature θ with γ⊥ = 1. Dashed
line is the limit βϕ = 1.

1. Cold plasma limit

In the cold plasma limit τ = 0, χ0 = γϕ(1 − βϕ), and
the maximum electric field is

Ê2
max = γ⊥

(

χ0 + χ−1
0 − 2

)

= 2γ⊥ (γϕ − 1) . (82)

Equation (82) is a generalization of the cold relativis-
tic wavebreaking field to include the presence of a laser
field [7]. Equation (82) indicates that the maximum field
amplitude inside a laser field can be significantly larger
compared to after the drive laser pulse (where a⊥ = 0
and γ⊥ = 1).

2. Maximum field amplitude of laser-driven plasma waves

A plasma wave driven by a short-pulse laser will have
a phase velocity approximately equal to the group ve-
locity of the laser pulse, typically γϕ ∼ 10–100 for laser
propagation in an underdense plasma. Without some ad-
ditional heating mechanism, laboratory plasmas used for
laser-plasma accelerator experiments have temperatures
of the order of the ionization potential, mc2θ ∼ 10 eV
[11, 12]. Therefore laser-driven plasma waves typically
satisfy θγ2

ϕ ≪ 1.

In the limit, θγ2
ϕ ≪ β2

ϕ, Eq. (81) may be expanded to
yield

Ê2
max ≃ 2γ⊥ (γϕ − 1) − γϕγ⊥β

2
ϕ
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3

(

2τγ2
ϕ

β2
ϕ

)1/4

− 2

(

2τγ2
ϕ

β2
ϕ

)1/2

+ β2
ϕ

(

2τγ2
ϕ

β2
ϕ

)3/4

+

(

1

3γ3
ϕ

−
β2
ϕ

4

)(

2τγ2
ϕ

β2
ϕ

)



 . (83)
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For the case γϕ ≫ 1, Eq. (83) reduces to

Ê2
max

γ⊥γϕ
≃ 2

(

1− γ−1
ϕ

)

− 8

3

(

2γ2
ϕτ
)1/4

+ 2
(

2γ2
ϕτ
)1/2

, (84)

to lowest order assuming γ2
ϕτ ≪ 1 (and γ6

ϕτ ≫ 1). Equa-
tion (84) contains the cold relativistic wavebreaking field
(generalized to include the influence of the laser) with
the lowest order corrections owing to the plasma tem-
perature. For relativistic phase velocities γϕ ≫ 1 driven
by intense laser pulses (a⊥ ∼ 1), τ ≃ (3/2)θ/γ2

⊥
and

Eq. (84) reduces to the result of Ref. [7].

For plasma waves with relativistic phase velocities
γϕ ≫ 1, the warm fluid theory predicts the maximum

longitudinal velocity wz,max ≃ βϕ[1 − γ
−3/2
ϕ (2τ)1/4 −

γ−1
ϕ (2τ)

1/2
] < βϕ; the fluid velocity never reaches the

phase velocity of the plasma wave. And, at the maxi-
mum field amplitude Ê = Êmax, the maximum longitu-
dinal fluid momentum is uz,max ≃ γϕ[1 − (2τγ2

ϕ)
1/4] ≃

γϕ − 31/2(Θ11/h)
1/2
max, for γϕ ≫ 1 and γ2

ϕτ ≪ 1, i.e., the
difference between the maximum fluid momentum and
γϕ is of the order of the momentum variance. The above
results imply a relation between the maximum plasma
wave amplitude (“wavebreaking”) and particle trapping
in the plasma wave. Consider the regime of laser-driven
plasma waves (γ2

ϕτ ≪ 1 and γ2
ϕ ≫ 1) in the region

behind the laser driver (a2
⊥

= 0), at Ê = Êmax, the
peak value of the longitudinal fluid velocity is wmax =

βϕ − γ
−3/2
ϕ (3θ)1/4 and the peak value of the longitudinal

fluid momentum is uz,max = γϕ − γ
3/2
ϕ (3θ)1/4. At the

phase position where the longitudinal fluid velocity and
momentum are at their peak, the plasma density is maxi-
mum. The longitudinal thermal velocity and momentum
spread (variance) are βth ≃ Γ−3(Θ11/h)1/2 ≃ ǫ/Γ2 and
(Θ11/h)1/2 ≃ Γǫ, respectively, and at the phase posi-
tion where the longitudinal fluid velocity is at its peak

[cf. Eq. (91)] ǫmax ≃ γ
1/2
ϕ (θ/3)1/4. Hence, at the maxi-

mum amplitude, βϕ − wmax ≃
√
3βth. As the amplitude

of the wave approaches Êmax, electrons in the tail of a
typical plasma distribution may be trapped [30, 31]. Al-
though the peak value of the mean fluid velocity is less
than the phase velocity, wmax < βϕ (and uz,max < γϕβϕ),
electrons on the tail of a thermal distribution with ve-
locities in excess of the phase velocity will be trapped.
Specifically, thermal electrons with velocities in excess of√
3βth. Assuming an initially Gaussian thermal distribu-

tion, this corresponds to approximately 4% of the elec-
tron population are continuously being trapped by the
plasma wave with amplitude Êmax [31]. Once a signifi-
cant number of electrons become trapped in the plasma
wave, the plasma wave amplitude becomes time depen-
dent (no longer a function of only z − βϕct), owing to
beam loading and damping of the plasma wave, and a
purely traveling wave solution is no longer possible.
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FIG. 7. Normalized maximum plasma wave amplitude
β−1

ϕ Êmax as function of initial thermal velocity θ1/2 for a⊥ = 0
and a⊥ = 0.25 with non-relativistic phase velocity βϕ = 0.05

3. Nonrelativistic phase velocities

For a non-relativistic plasma wave phase velocity, such
that τ ≪ β2

ϕ ≪ 1, Eq. (83) reduces to

Ê2
max

γ⊥β2
ϕ

≃ 1− 8

3

(

2τ

β2
ϕ

)1/4

+2

(

2τ

β2
ϕ

)1/2

− 1

3

(

2τ

β2
ϕ

)

, (85)

with τ = (3/2)(θ/γ2
⊥
)(1 + a2

⊥
β−2
ϕ γ−2

⊥
), where terms of

the order O(τβ2
ϕ) have been neglected. Equation (85)

with γ⊥ = 1 is the result derived by Coffey [10], which
assumed a non-relativistic plasma wave and a waterbag
momentum distribution. In the limit a2

⊥
/γ2

⊥
≫ β2

ϕ (with

θ ≪ β4
ϕ ≪ 1),

Ê2
max

γ⊥β2
ϕ

≃ 1− 8

3

(

3θa2
⊥

β4
ϕγ

4
⊥

)1/4

+2

(

3θa2
⊥

β4
ϕγ

4
⊥

)1/2

− 1

3

(

3θa2
⊥

β4
ϕγ

4
⊥

)

.

(86)

As shown in Figs. 7 and 8 the presence of an intense
laser field strongly modifies the maximum field ampli-
tude for plasma waves with non-relativistic phase veloc-
ities. Figure 7 shows the maximum plasma wave am-
plitude β−1

ϕ Êmax versus initial thermal velocity for non-
relativistic phase velocity βϕ = 0.05. Shown in Fig. 7 is
the reduction of the maximum plasma wave amplitude in
the presence of an intense laser field with a⊥ = 0.25 com-
pared to the result of Ref. [10] (i.e., for a⊥ = 0). This is
due to the increased thermal spread via the transverse
coupling of the momentum variance tensor. Figure 8
shows the maximum plasma wave amplitude β−1

ϕ Êmax as
function of laser field intensity for non-relativistic phase
velocity βϕ = 0.1 and initial temperature θ = 10−5 as a
function of laser intensity. For sufficiently large laser in-
tensity a⊥ & 1, the relativistic electron mass shift results
in a larger maximum plasma wave amplitude.
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FIG. 8. Normalized maximum plasma wave amplitude
β−1

ϕ Êmax as function of laser field intensity a⊥ for non-
relativistic phase velocity βϕ = 0.1 and initial temperature
θ = 10−5.

C. Nonlinear plasma wavelength

The wavelength on the nonlinear plasma oscillation can
be evaluated from the wave equation Eq. (72). The first
integral of the plasma wave equation Eq. (77) can be ex-

pressed in the form Ê2/2+V (φ) = V0, where the pseudo-
potential is

V (φ) = V (χ(φ)) =
1

2

[

χ+ χ−1 + τF̃ (χ)
]

, (87)

and V0 ≤ V (χi) (the constant V0 = V (χ0) corresponds
to the maximum wave amplitude). The period of the
plasma oscillation λosc can be computed from k−1

p ∂ξφ =

−Ê = −
√

2(V0 − V ), namely

λosc =

∫

dξ =
λp

π

∫ χmax

χmin

dχ
(dφ/dχ)

√

2(V0 − V )
, (88)

where χmin/max is given by the solutions to V0 = V (χ).
At the maximum plasma wave amplitude, and assuming
Ê2

max ≫ 1, λosc/λp ≃ (2/π)Êmax, where Êmax is given by
Eq. (81). Thermal effects reduce the wavelength of the
plasma oscillation.

D. Plasma temperature at the maximum field

amplitude

The highly-compressed electron plasma density results
in local increase in the plasma temperature (as shown
in Fig. 3). From the continuity equation Eq. (47), the
lab-frame plasma density is

n

n0

=
βϕ

βϕ − wz
=

βϕ(1 + χ2)

βϕ(1 + χ2)− (1− χ2)
. (89)

The peak density perturbation at the maximum field am-
plitude is given by n(χ0)/n0, which does not become sin-
gular in contrast to the cold fluid theories (i.e., there is
no shock formation).

Using Eq. (70), the invariant measure of thermal
spread (i.e., the plasma temperature) is, after the laser
pulse,

ǫ2 = θ

[

2βϕχ

βϕ(1 + χ2)− (1− χ2)

]2

+ 2θ, (90)

and the maximum temperature occurs at the maximum
compression, i.e., at χ = χ0.
In the limit τ < γ−2

ϕ ≪ 1 (e.g., laser-driven plasma
wave), the temperature at the maximum field is

ǫ2max ≃ 1

3
γ2
⊥

(

2γ2
ϕτ
)1/2

[

1− 1

4

(

2γ2
ϕτ
)1/2

]

, (91)

and the temperature of the plasma remains non-
relativistic ǫ2max ≪ 1. For a laser-driven plasma wave, the
temperature of the plasma will remain non-relativistic at
the maximum possible compression. This shows that the
asymptotic expansion ǫ2 < 1 performed by the warm
plasma assumption presented here is always valid, pro-
vided the initial temperature is non-relativistic (such that
θγ2

ϕ < 1 in the laser-driven regime). The maximum
density perturbation is finite and peaks at (n/n0)max ≃
γϕ(βϕγϕ)

1/2(2τ)−1/4 ≫ 1. In the limit of non-relativistic
phase velocity βϕ ≪ 1, the maximum temperature is

ǫ2max ≃ βϕ(2τ)
1/2/3 ≪ 1.

In the limit, γ−2
ϕ ≪ θ ≪ 1 (e.g., a highly-relativistic

particle beam-driven plasma wave), then ǫ2max(βϕ = 1) =

2/3 and Ê2
max = (2/3)3/2θ−1/2. Note that, in this ultra-

relativistic limit, the maximum field is independent of the
phase velocity. This is in agreement with numerical so-
lutions of the Vlasov equation in the limit γ2

ϕθ ≫ 1 that
found Emax independent of γϕ [32]. In this limit, higher
order moments of the distribution may contribute to the
plasma response. This implies that the plasma response
will be a function of the specific details of the form of the
phase space distribution (i.e., the higher-order moments).
An analysis of the maximum amplitude assuming a 3D
water-bag momentum distribution has recently been car-
ried out in Ref. [33], and it was shown that, in the limit

βϕ → 1, Ê2
max = (9/20)1/2θ−1/2. Note that the differ-

ences in the coefficient can be attributed to choice of a
specific distribution in the case of the 3D water-bag as-
sumption, or to the asymptotic expansion in the case of
the warm fluid assumption.

VI. CONCLUSIONS AND DISCUSSION

In this work, a relativistic warm fluid theory of a
nonequilibrium, collisionless plasma was applied to model
intense, short-pulse laser-plasma interactions. The fluid
equations were treated asymptotically, and closure was
obtained by assuming a non-relativistic temperature
ǫ2 ≪ 1 (no specific form of the phase-space distribution
f or equation of state was assumed). The relativistic
warm fluid theory was used derive the evolution of the
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momentum variance in the presence of an intense laser
field (variance components given in Sec. III B). The mo-
mentum variance was found to be anisotropic and the
presence of the laser field allowed coupling between the
transverse and longitudinal components. A generalized
Langmuir dispersion relation in the presence of an intense
laser field Eq. (43) was derived from the linearized warm
fluid equations.

A quasi-static wave equation Eq. (72) was derived
[with φ(wz) given by the constant of motion Eq. (66)],
assuming f(ξ, pµ), and used to describe nonlinear elec-
tron plasma waves excited by intense, short-pulse lasers.
The quasi-static wave equation was used to calculate the
maximum plasma wave amplitude assuming a travelling
wave Êmax. Thermal effects decreased the maximum
wave amplitude compared to the cold result. For the
case of relativistic phase velocities, the plasma wave evo-
lution is dominated by the longitudinal momentum vari-
ance (and the maximum field amplitude reduces to the
limit of 1D motion described in Ref. [7]). For the case
of non-relativistic phase velocity plasma waves, the pres-
ence of a laser field can strongly modify the maximum
field amplitude, owing to the coupling between trans-
verse and longitudinal thermal fluctuations. The warm
plasma theory remains finite at the maximum field ampli-
tude, and does not contain the singular behavior observed
assuming a cold plasma.

If the plasma temperature is relativistic, the asymp-
totic expansion described in Sec. III will no longer be
valid. For relativistic temperatures, the higher-order mo-
ments of the distribution will be important and will be
a function of the specific form of the phase-space distri-
bution. Note that, the choice of an unphysical distribu-
tion (e.g., 1D water-bag) may lead to unphysical, sin-
gular (unbounded) solutions in the relativistic tempera-
ture regime, since details of the shape of the phase-space
distribution (i.e., the higher-order moments) become im-
portant. For sufficiently large density perturbations, the
collisionless plasma model will no longer be valid and
collisional effects will become important.

In addition to the warm plasm assumption, wave-
particle interactions were neglected in this theory. For
example, particle trapping of a significant fraction of the
distribution in a plasma wave can lead to broadening of
the momentum spread such that the assumption ǫ2 ≪ 1
is no longer valid. The warm plasma assumption will be
valid provided that the bulk of the plasma distribution
is far from resonance with the wave.

As the field amplitude approaches and exceeds the
maximum amplitude of a traveling wave (wavebreak-
ing limit), particles in the tail of the plasma distribu-
tion may becomes trapped in the plasma wave [30, 31].
Specifically, for laser-driven plasma waves (γ2

ϕτ ≪ 1 and

γ2
ϕ ≫ 1), the results of the warm fluid theory imply that

the maximum longitudinal fluid velocity wmax satisfies
wmax +

√
3βth ≃ βϕ, where βth is the thermal velocity

spread (variance) of the electron distribution. At the
maximum field amplitude of a travelling wave, electrons

in the tail of the distribution with velocities >
√
3βth will

be trapped. When a sufficient number of electrons be-
come trapped, the wave will be perturbed such that the
quasi-static assumption will no longer be valid. Proper
characterization of the form of the phase-space distribu-
tion is critical to analyzing kinetic effects such as particle
trapping in intense laser-plasma interactions.
As well as modeling intense laser-plasma interactions,

the relativistic, warm fluid theory of a nonequilibrium,
collisionless plasma presented here can also be applied
to model relativistic charged particle beams and beam-
plasma interactions, and may have applications to astro-
physical plasmas.
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Appendix A: Relation between fluid quantities and

warm fluid model

In this appendix, the relativistic fluid model quantities
of Sec. II are related to conventional fluid quantities (see,
e.g., Ref. [1]). The energy density (in the local rest frame)
may be defined as

e = UµT
µνUν , (A1)

where Uµ = Jµ/(JνJ
ν)1/2 = Jµ/np. Recall that npUµ =

huµ and (np/h)
2 = γ2

th = 1+ ǫ2. Using the centered mo-
ment definition Eq. (14) and the warm plasma assump-
tion Eq. (23), the energy density in the warm fluid model
is

e = h+ hǫ2, (A2)

where the invariant density h can be identified as the
enthalpy.
The pressure tensor may be defined as

Pµν = ∆µ
αT

αβ∆ν
β , (A3)

where ∆µν = gµν −UµUν is the projector with the prop-
erty ∆µνUν = 0. Using the centered moment definition
Eq. (14), the pressure tensor is Pµν = ∆µ

αΘ
αβ∆ν

β . In the
warm plasma approximation uµΘ

µν = 0, and the pres-
sure tensor is equal to the momentum variance tensor
Pµν = Θµν . Since the plasma is assumed collisionless,
the pressure is intrinsically anisotropic (in the local rest
frame), and a local hydrostatic scalar pressure cannot de-
scribe the pressure tensor outside the 1D limit [28]. In
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the 1D limit, the contraction of the pressure tensor can
be identified with the local hydrostatic scalar pressure
p = −Pµ

µ = −Θµ
µ = hǫ2.

The heat flow (difference of the energy flow and flow
of enthalpy) may be defined as

qµ = UνT
να∆µ

α. (A4)

Evaluating the heat flow in terms of centered moments
yields

qµ =(h/np) [UσQ
ασ
α Uµ −Qµα

α ] /2

=− 1

2

h

np
Qαµ

α +
1

4

(

h

np

)2

Uµ
[

(Θν
ν)

2/h−Rδα
δα

]

,

(A5)

where Rαβµν =
∫

dΩf(pα−uα)(pβ−uβ)(pµ−uµ)(pν−uν)
is the fourth-order centered moment. The heat flow is
proportional to the third-order (and higher) moments,
i.e., qµ ∼ hǫ3. The heat flow is only proportional to
third and higher-order moments because a collisionless
plasma (i.e., no viscosity) was assumed, and qµ = 0 in
the warm plasma model.
The Taub inequality [34]

eh ≥ n2
p (A6)

can be expressed in terms of the centered moments as
(Θν

ν)
2 ≤ hRαδ

αδ, which is the Cauchy-Schwarz inequality
for the moments of the distribution. Therefore, the Taub
inequality must always be satisfied within the warm fluid
model (to all orders in ǫ). In the warm plasma approxi-
mation, assuming ǫ is a small parameter and expanding
to O(ǫ2), eh = n2

p. The warm plasma approximation is
consistent with the Taub inequality.

Appendix B: Invariant measure of thermal spread of

a relativistic Maxwell distribution

In this appendix, the invariant measure of thermal
spread ǫ is calculated assuming a relativistic Maxwell-
Boltzmann (Jüttner) distribution. It is shown that the
invariant measure of thermal spread is related to the
width of the distribution.
Consider the distribution [1] given by

f = f0 exp [−pµJµ/(npθJ)] , (B1)

where θJ is the equilibrium temperature of the system
(normalized to mc2/kB) and f0 is a constant. Note that,
since pµJµ is a Lorentz scalar, pµJµ is invariant and
may be evaluated in any frame. In the rest frame of
the plasma fluid Jµ = np(1,0) and pµJµ = npγ. In
the rest frame of the plasma fluid, and assuming a warm
plasma, f = f0 exp(−γ/θJ) = f0 exp[−(1−β2)−1/2/θJ] ≃

f1 exp(−β2/2θJ), and the equilibrium temperature θJ is
the root-mean square of the plasma velocity distribution.
In 1D, the invariant momentum-space volume is dΩ =

dp/p0 = dp/γ = (γ2 − 1)−1/2dγ. For a Jüttner distribu-
tion Eq. (B1) in 1D, the invariant density is

h =

∫

dΩf = 2f0

∫ ∞

1

dγ
e−γ/θJ

(γ2 − 1)
1/2

= 2f0K0(θ
−1
J ),

(B2)

and the proper density np = (JµJ
µ)1/2 is given by

np =
Jµ
np

∫

dΩfpµ = 2f0

∫ ∞

1

dγ
γe−γ/θJ

(γ2 − 1)
1/2

= 2f0K1(θ
−1
J ),

(B3)

where Km are mth-order modified Bessel functions of the
second kind. The ratio of proper to invariant densities
is γth = np/h = K1(θ

−1
J )/K0(θ

−1
J ), and the invariant

measure of thermal spread is

ǫ2 =
[

K1(θ
−1
J )/K0(θ

−1
J )
]2 − 1. (B4)

Note, for large argument σ ≫ 1, Kn(σ) ≃
√

(π/2)σ−1/2e−σ[1+(4n2−1)/(8σ)]. In the limit of non-
relativistic temperature θJ ≪ 1,

ǫ2 ≃ (1 + 3θJ/8)
2

(1 − θJ/8)2
− 1 ≃ θJ. (B5)

The invariant measure of thermal spread can be identified
as the equilibrium temperature of a Jüttner (relativistic
Maxwell-Boltzmann) distribution, ǫ2 = θJ.
In 3D, the invariant momentum-space volume is dΩ =

d3p/p0 = 4πp2dp/γ = 4π(γ2 − 1)1/2dγ. For a Jüttner
distribution Eq. (B1) in 3D, the invariant density is

h = 4πf0

∫

∞

1

dγ
(

γ2 − 1
)1/2

e−γ/θJ = 4πf0θJK1(θ
−1
J ),

(B6)
and the proper density np = (JµJ

µ)1/2 is

np = 4πf0

∫ ∞

1

dγ
(

γ2 − 1
)1/2

γe−γ/θJ = 4πf0θJK2(θ
−1
J ).

(B7)
The ratio of proper to invariant densities is γth = np/h =

K2(θ
−1
J )/K1(θ

−1
J ), and the invariant measure of thermal

spread is

ǫ2 =
[

K2(θ
−1
J )/K1(θ

−1
J )
]2 − 1. (B8)

In the limit of non-relativistic temperature θJ ≪ 1,

ǫ2 ≃ (1 + 15θJ/8)
2

(1 + 3θJ/8)2
− 1 ≃ 3θJ. (B9)
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